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Abstract
The main contribution of this paper is to use the maximum principle to obtain a lower bound ρ 
C(t, ) > 0 for the parabolic system generated by adding “artificial viscosity” to the system of one-
dimensional isentropic gas dynamics and to the Euler equations corresponding to the Broadwell model
[R.E. Caflisch, Navier–Stokes and Boltzmann shock profiles for a model of gas dynamics, Comm. Pure
Appl. Math. 32 (1979) 521–554], where C(t, ) are given explicitly. Here we do not need the restrictions
(ρ0(±∞), u0(±∞)) = (ρ¯, u¯) and the periodic initial data used in previous work by other authors.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The Cauchy problem for the system of isentropic gas dynamics is the following hyperbolic
system of nonlinear conservation laws:{
ρt + mx = 0,
mt +
(
m2
ρ
+ P(ρ))
x
= 0 (1)
with initial data(
ρ(x,0),m(x,0)
)= (ρ0(x),m0(x)), (2)
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Y.G. Lu / J. Math. Anal. Appl. 323 (2006) 558–568 559where ρ, m = ρu are the density and the mass and P is the pressure. For the case of a polytropic
gas P(ρ) = ργ
γ
, where the constant γ is the adiabatic exponent, Nishida [10] obtained the first
large data existence theorem with locally finite total variation assuming γ = 1 and using Glimm’s
scheme [5], and the Riemann problem with data including the vacuum was studied by T.P. Liu and
J. Smoller in [8] (see also the paper [11]). Using the compensated compactness ideas developed
by Tartar and Murat, DiPerna [4] established a global existence theorem with L∞ bounded data
for γ = 1 + 22k+1 , k  2 an integer, with the aid of the viscosity method. Ding et al. [3] proved
the convergence of the Lax–Friedrichs scheme for this system in the range γ ∈ (1, 53 ]. Recently
Lions, Perthame, Souganidis and Tadmor [6,7] presented a new method to apply the kinetic
formulation and the compensated compactness in order to prove the global existence of a weak
solution for adiabatic exponent 53 < γ . So the existence of a generalized solution was resolved
for the case of a polytropic gas.
The main problem left in the study of the system (1) is the existence of a generalized solution
for a general pressure P(ρ). The first existence result for the Cauchy problem (1) including
the vacuum was obtained by the author in the paper [9]. The following existence theorem was
proved:
Theorem 1. Let P(ρ) = ∫ ρ0 s2f 2(s) ds and f (ρ) ∈ C2(0,∞) satisfy the conditions
f (ρ) > 0, f ′(ρ) 0, 2f (ρ) + ρf ′(ρ) 0,
∞∫
0
f (s) ds = +∞.
Let the initial data w0(x), z0(x) satisfy
c2 w0(x) c3, c1  z0(x) c2,
for some constants c1, c2, c3, where
w0(x) = u0(x) +
ρ0(x)∫
0
f (s) ds, z0(x) = u0(x) −
ρ0(x)∫
0
f (s) ds, u0 = m0
ρ0
.
Moreover, assume that (w0(x), z0(x)) is bounded in W 1,∞ and nondecreasing. Then the
Cauchy problem (1) with initial data (u0(x), ρ0(x)) has a global Hölder-continuous solution
(ρ,ρu).
In the above theorem we need the initial data (w0(x), z0(x)) to be nondecreasing, so there is
no shock wave in the solution.
In paper [2], Chen and LeFloch obtained the global existence of L∞ entropy solutions for
system (1) with general pressure P(ρ) and arbitrarily large L∞ initial data, in which, roughly
speaking, P(ρ) takes the form
P(ρ) = ργ (1 + p(ρ))
with some restrictions on the function p(ρ).
As the first step to get a generalized solution, in this paper we study the existence of viscosity
solutions for the following parabolic system:{
ρt + (ρu)x = ρxx,
(ρu) + (ρu2 + P(ρ)) = (ρu) (3)t x xx
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ρ(x,0), ρ(x,0)u(x,0)
)= (ρδ0(x), ρδ0(x)uδ0(x)), (4)
where(
ρδ0(x), u
δ
0(x)
)= (ρ0(x) + δ,u0(x)) ∗ Gδ (5)
and Gδ is a mollifier. Then(
ρδ0(x), u
δ
0(x)
) ∈ C∞ × C∞,
and
ρδ0(x) δ, ρδ0(x) +
∣∣uδ0(x)∣∣M + δ, (6)⎧⎪⎨
⎪⎩
δ|uδ0,x(x)|M,
|ρδ0,x(x)|M(δ), |uδ0,x(x)|M(δ),
|ρδ0,xx(x)|M(δ), |uδ0,xx(x)|M(δ).
(7)
In Section 2 of this paper we present a new method based on the maximum principle to
estimate the viscosity solutions of (3), (4). By letting the positive constants δ and  satisfy the
relation given in (15), we get an upper bound ux  P
′(ρ)
2 , and this implies the estimates ρ
 
δe−M1t/(2) for general P(ρ), where M1 is upper bound of P ′(ρ). It is well known that these
estimates are the crux to get the existence of viscosity solutions for the Cauchy problem (3), (4)
(see [4]).
It is worthwhile to point out that an implicit lower bound of ρ is also obtained in the papers
[4,6]. But here our lower bounds are explicit simple functions and we do not need the restrictions
(ρ0(±∞), u0(±∞)) = (ρ¯, u¯) used in the papers [4] nor the periodic initial data used in the
paper [6]. In Section 3 we extend the above idea to a different system; namely the Euler equation
(33) derived from the Broadwell model [1]. We get a similar upper bound ux  F(u)−u
2
2 and
a lower bound ρ  δe−Mt/(2). These bounds imply the existence of viscosity solutions for the
corresponding parabolic system (Theorem 9).
2. Isentropic gas dynamics
In this section, we give some useful estimates for a viscosity solution to the Cauchy problem
(3), (4).
Lemma 2 (Local existence). If P(ρ) ∈ C1, and the initial data satisfy the conditions (6), (7),
then for any fixed  and δ, there exists a smooth solution to the Cauchy problem (3), (4) in some
strip Rs = R × [0, s], which satisfies
ρ(x, t) δ
2
, ρ(x, t) + ∣∣u(x, t)∣∣ 2M,
|ρx |, |ρxx |, |ux |, |uxx | 2M(, δ).
The proof of the lemma can be obtained by applying the general contracting mapping principle
to an integral representation of (3). The global existence is based on the local existence and
a priori L∞ estimates of the local solution and the lower bound for ρ(x, t) given by using the
maximum principle.
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and
∫∞
c
√
P ′(ρ)
ρ
dρ = ∞ for any positive constant c. Suppose that (ρ(x, t), ρ(x, t)u(x, t)) is a
smooth solution of (3), (4) defined in a strip RT = R × [0, T ], which satisfies
ρ(x, t) > 0, ρ(x, t) + ∣∣u(x, t)∣∣M(, δ, t).
If ∫ c0
√
P ′(ρ)
ρ
dρ is finite, then we have an upper bound as follows:
ρ(x, t) + ∣∣u(x, t)∣∣M; (8)
if ∫ c0
√
P ′(ρ)
ρ
dρ is infinite, but limρ→0+ ρ
∫ c
ρ
√
P ′(ρ)
ρ
dρ is finite, then
ρ(x, t) + ∣∣m(x, t)∣∣M, (9)
where the positive constant M is independent of  and δ.
Proof. Multiplying (wρ,wm) and (zρ, zm) respectively to the system (3), where w,z are two
Riemann invariants of the system (1),
w = u +
ρ∫
c
√
P ′(ρ)
ρ
dρ, z = u −
ρ∫
c
√
P ′(ρ)
ρ
dρ,
we have
wt + μ2wx = wxx + 2
ρ
ρxwx − 2ρ2√P ′(ρ) (2P
′ + ρP ′′)ρ2x ,
zt + μ1zx = zxx + 2
ρ
ρxzx + 2ρ2√P ′(ρ) (2P
′ + ρP ′′)ρ2x ,
where
μ1 = u −
√
P ′(ρ), μ2 = u +
√
P ′(ρ)
are the two eigenvalues of (1). Then our assumptions on P(ρ) give us{
wt + μ2wx  wxx + 2ρ ρxwx,
zt + μ1zx  zxx + 2ρ ρxzx.
(10)
Therefore, applying the maximum principle to (10), we get
w(ρ,u) sup
x∈(−∞,∞)
w
(
ρδ0(x), u
δ
0(x)
)
, z(ρ,u) inf
x∈(−∞,∞) z
(
ρδ0(x), u
δ
0(x)
)
. (11)
The estimate (11) with the lemma’s conditions now gives the estimate (8) or (9). 
Lemma 4. Let the conditions of Lemma 3 be satisfied. Suppose further that P(ρ) ∈ C3(0,∞)
satisfies
P ′(ρ) − ρP ′′(ρ) 0, P ′′′(ρ) 0, for ρ > 0, (12)
and the constants δ,  are related by
2uδ0,x(x) P ′
(
ρδ0(x)
)
. (13)
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ux(x, t)
P ′(ρ)
2
for (x, t) ∈ R × [0, T ]. (14)
Remark 1. It is obvious that all conditions on P(ρ) in Lemma 4 are satisfied if P(ρ) = ργ
γ
,
γ ∈ [1,2].
Remark 2. Since δ|uδ0,x(x)|M by condition (7) and P ′(ρδ0(x))min{P ′(δ),P ′(M)} by the
condition P ′′′(ρ) 0, we choose δ such that
  δ
2M
min
{
P ′(δ),P ′(M)
}
, (15)
then 2uδ0,x(x)
2M
δ
min{P ′(δ),P ′(M)} P ′(ρδ0(x)) or (13) is true.
Proof of Lemma 4. Using the second equation in the system (3), we get
ut + uux + P
′(ρ)
ρ
ρx = uxx + 2(lnρ)xux. (16)
Differentiating (16) with respect to x, we have
(ux)t + u2x + uuxx + P ′(ρ)(lnρ)xx +
P ′′(ρ)
ρ
ρ2x
= (ux)xx + 2(lnρ)xxux + 2(lnρ)xuxx. (17)
Let
v = ux − P
′(ρ)
2
, (18)
then
vt + P
′′(ρ)
2
ρt + v2 + P
′(ρ)

v + (P
′(ρ))2
42
+ uvx + u
(
P ′(ρ)
2
)
x
+ P
′′(ρ)
ρ
ρ2x − 2v(lnρ)xx
= vxx + 
[
P ′′(ρ)
2
ρxx + P
′′′(ρ)
2
ρ2x
]
+ 2(lnρ)x
(
vx + P
′(ρ)
2
)
x
. (19)
Using the first equation in (3), we get from (19)
vt +
(
u − 2(lnρ)x
)
vx +
[
v + 2P
′(ρ) − ρP ′′(ρ)
2
− 2(lnρ)xx
]
v
+ (P
′(ρ))2 − ρP ′′(ρ)P ′(ρ)
42
− P
′′′
2
ρ2x = vxx. (20)
So the assumptions on P(ρ) give the following inequality:
vt +
(
u − 2(lnρ)x
)
vx +
[
v + 2P
′(ρ) − ρP ′′(ρ)
2
− 2(lnρ)xx
]
v  vxx, (21)
and the condition (13) gives
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We are going to prove v  0 for (x, t) ∈ R × [0, T ] by applying the maximum principle to the
inequality (21). Let
v =
(
q + N(x
2 + cLet )
L2
)
eht , (23)
where c, h and N are positive constants and c > 2|a(x, t)| + 2 in R × [0, T ], N is an upper
bound for v and h bound for b(x, t) on R × [0, T ] and the functions a(x, t), b(x, t) are given as
follows:
a(x, t) = u − 2(lnρ)x, b(x, t) = v + 2P
′(ρ) − ρP ′′(ρ)
2
− 2(lnρ)xx.
The function q , as is easily seen, satisfies the inequality
qt + cNLe
t
L2
eht + h
(
q + N(x
2 + cLet )
L2
)
+ a(x, t)
(
qx + 2Nx
L2
)
+ b(x, t)
(
q + N(x
2 + cLet )
L2
)
 qxx + 2N
L2
, (24)
resulting from (21). Moreover,
q(x,0) < 0, q(+L, t) < 0, q(−L, t) < 0. (25)
Then using the standard maximum principle, we see from (24), (25) that q  0 on (x, t) ∈
(−L,L) × [0, T ]. For any fixed (x, t), letting L ↑ ∞ in (23), we get v  0 and so the proof of
the lemma. 
Lemma 5. Suppose P(ρ) ∈ C3(0,∞), P ′(ρ) > 0, 2P ′(ρ)+ ρP ′′(ρ) 0, P ′(ρ)− ρP ′′(ρ) 0,
P ′′′(ρ)  0 for ρ > 0. Suppose further ∫∞
c
√
P ′(ρ)
ρ
dρ = ∞ and ∫ c0
√
P ′(ρ)
ρ
dρ is finite
(or limρ→0+ ρ
∫ c
ρ
√
P ′(ρ)
ρ
dρ is finite) for any positive constant c. If  and δ satisfy 2uδ0,x 
P ′(ρδ0), then{∫ ρ
δ
1
P ′(ρ)ρ dρ − t2 ,
ρ  δe−M1t/(2),
(26)
where M1 is an upper bound for P ′(ρ).
Especially if P(ρ) = ργ
γ
, then
ρ  δe− t2 for γ = 1, ρ 
(

c1 + c2t
) 1
γ−1
for 1 < γ  2, (27)
where c1, c2 are positive constants.
Proof. Under the conditions of the lemma we get from Lemma 3 that ux(x, t)  P
′(ρ)
2 and so
we have from the first equation in (3)
ρt + uρx + ρP
′(ρ)  ρxx. (28)2
564 Y.G. Lu / J. Math. Anal. Appl. 323 (2006) 558–568Thus
βt + uβx  βxx + 
(
P ′(ρ) + ρP ′′(ρ))β2x , (29)
where
β =
ρ∫
M
1
P ′(ρ)ρ
dρ + t
2
, (30)
and M is an upper bound for ρ. So by applying the maximum principle to (29), we have
β  inf
x
β0(x) = inf
x
ρδ0∫
M
1
P ′(ρ)ρ
dρ =
δ∫
M
1
P ′(ρ)ρ
dρ.
Therefore
ρ∫
δ
1
P ′(ρ)ρ
dρ − t
2
. (31)
Taking P(ρ) = ργ
γ
in (31), we get the estimates
ρ  δe− t2 for γ = 1, ρ1−γ  δ1−γ + (γ − 1)t
2
for 1 < γ  2. (32)
Since δuδ0,x M, the relation 2M  δγ for , δ implies the condition 2uδ0,x  P ′(ρδ0(x)) when
P(ρ) = ργ
γ
. So from the second inequality of (32) we have
ρ1−γ  (2M)
1−γ
γ + (γ − 1)t
2
 c1 + c2t

for some positive constants c1, c2.
For general P(ρ), we have
ρt + uρx + M1ρ2  ρxx
from (28), where M1 is an upper bound for P ′(ρ). Then ρ  δe−M1t/(2), so the lemma is
proved. 
Therefore, we have the following existence result about the Cauchy problem (3), (4) (see [4]
for the details).
Theorem 6. If the conditions of Lemma 5 are satisfied, then for any fixed  and δ, the Cauchy
problem (3), (4) has a unique global smooth solution.
3. The Euler equation corresponding to the Broadwell model
The parabolic system generated by adding “artificial viscosity” to the Euler equation corre-
sponding to the Broadwell model [1] is as follows:
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ρt + (ρu)x = ρxx,
(ρu)t + (ρF (u))x = (ρu)xx, (33)
where ρ,u are the fluid density and velocity and
F(u) = 2
3
(
1 + 3u2) 12 − 1
3
. (34)
The details about the derivation of the Euler equation can be found in [1] and the papers cited
there. Here we are interested in the existence of solutions to the Cauchy problem (33) with initial
data (
ρ(x,0), ρ(x,0)u(x,0)
)= (ρδ0(x), ρδ0(x)uδ0(x)), (35)
where(
ρδ0(x), u
δ
0(x)
)= (ρ0(x) + δ, (1 − δ)u0(x)) ∗ Gδ (36)
and Gδ is a mollifier. Under the usual conditions about (ρ0(x), u0(x)) in mechanics, 0 
ρ0(x)M , |u0(x)| 1, we have(
ρδ0(x), u
δ
0(x)
) ∈ C∞ × C∞,
and
δ  ρδ0(x)M + δ,
∣∣uδ0(x)∣∣ 1 − δ, (37)⎧⎪⎨
⎪⎩
δ|uδ0,x(x)|M,
|ρδ0,x(x)|M(δ), |uδ0,x(x)|M(δ), |ρδ0,xx(x)|M(δ),
|uδ0,xx(x)|M(δ).
(38)
The main difficulty to study the existence of solutions for this kind of parabolic system is still
the a priori L∞ estimate of (ρ, u) and positive, lower bound for ρ .
The two eigenvalues of the Euler equation (33) (when  = 0) are⎧⎨
⎩μ1 =
F ′(u)−
√
(F ′(u))2+4(F (u)−uF ′(u))
2 ,
μ2 = F
′(u)+
√
(F ′(u))2+4(F (u)−uF ′(u))
2
(39)
and corresponding two Riemann invariants are⎧⎨
⎩
z = ρ exp(− ∫ u0 2f ′(u)+√(f ′(u))2+4f (u) du),
w = ρ exp(− ∫ u0 2f ′(u)−√(f ′(u))2+4f (u) du),
(40)
where for convenience we have written f (u) = F(u) − u2. The function f (u) ∈ C∞ satisfies{
f (u) > 0, as |u| < 1, f (u) = 0 as |u| = 1,
f ′(u) > 0, as −1 u < 0, f ′(u) < 0 as 0 < u 1,
f ′′(u) = 2(1 + 3u2)−3/2 − 2.
(41)
Substituting the first equation in (33) into the second, we get
ut +
(
F ′(u) − u)ux + (F(u) − u2)ρx = uxx + 2(lnρ)xux. (42)ρ
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|u | 1, by (42) and using the same method as in Lemma 4 to obtain the estimate v  0.
Since uF ′(u) − F(u) = 13 − 23 (1 + 3u2)−1/2 is negative for |u| < 1 and zero when |u| = 1,
we have{
μ1(u) < 0, as −1 u < 1, μ1(u) = 0, as u = 1,
μ2(u) > 0, as −1 < u 1, μ2(u) = 0, as u = −1. (43)
Moreover, since the Riemann invariant w satisfies
(wρ,wm)dG = μ2(u)(wρ,wm),
where dG is the Jacobian matrix of (m,ρF(m
ρ
)), we see
wρ + μ1(u)wm = 0.
Thus along the curve w = constant in the (ρ,m) plane⎧⎨
⎩
dm
dρ
= μ1(u) 0,
d2m
dρ2
= μ′1(u)
( 1
ρ
dm
dρ
− m
ρ2
)= μ′1(u)(μ1(u) − u) 1ρ  0, (44)
since ⎧⎪⎨
⎪⎩
μ1(u) − u = f
′(u)−
√
(f ′(u))2+4f (u)
2  0,
μ′1(u) = (f
′′+2)
2
√
(f ′(u))2+4f (u) (
√
(f ′(u))2 + 4f (u) − f ′(u)) 0 when |u| 1. (45)
Similarly along the curve z = constant in the (ρ,m) plane,⎧⎨
⎩
dm
dρ
= μ2(u) 0,
d2m
dρ2
= μ′2(u)(μ2(u) − u) 1ρ  0,
(46)
since ⎧⎨
⎩
μ2(u) − u = f
′(u)+
√
(f ′(u))2+4f (u)
2  0,
μ′2(u) = (f
′′+2)
2
√
(f ′(u))2+4f (u) (
√
(f ′(u))2 + 4f (u) + f ′(u)) 0 when |u| 1. (47)
Thus the level curve w = constant is convex down and the level curve z = constant convex up
in the (ρ,m) plane. This fact with the invariant region theory in [4] or more explicitly with the
maximum principle as done in Lemma 3 give the following estimates for the viscosity solutions
to the Cauchy problem (33), (35).
Lemma 7. The viscosity solutions of the Cauchy problem (33), (35) satisfy a priori L∞ esti-
mates,∣∣u(x, t)∣∣ 1, 0 ρ(x, t)M.
To establish the global existence of solutions to the Cauchy problem (33), (35), we still need
a positive, lower bound ρ(x, t).
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ρ  C(t, ) > 0, ρ + |u(x, t)| 2M,
|ρx |, |ρxx ||ux |, |uxx | 2M(), (48)
then
ρ  inf
x
ρδ0(x)e
−Mt2 = δe−Mt2 , (49)
where M is a fixed positive constant, and independent of , δ.
Remark 3. The inequalities (48) can be obtained similarly as in Lemma 2.
Proof of Lemma 8. Differentiating (42) with respect to x, we have
(ux)t + (F ′′ − 1)u2x + (F ′ − u)uxx + (F ′ − 2u)ux(lnρ)x +
(
F − u2)(lnρ)xx
= (ux)xx + 2(lnρ)xxux + 2(lnρ)xuxx. (50)
Let
v = ux − F(u) − u
2
2
, (51)
then
vt + (F ′ − u)vx +
(
f ′(lnρ)x − 2(lnρ)xx
)
v
= vxx + 2(lnρ)xvx − F
′′(u)
2
u2x  vxx + 2(lnρ)xvx (52)
with the help of (42) again. Since |uδ0|  1 − δ and δ|uδ0,x |  M, we find F(uδ0) − (uδ0)2 =
f (uδ0) f (1 − δ) = f (−1 + δ) > 0. Letting , δ satisfy the relation 2M < δf (1 − δ), we have
v(x,0) = uδ0,x −
f (uδ0)
2
< 0. (53)
Applying the maximum principle to (52), (53), we get v  0. Thus
ux 
M
2
, (54)
where M depends only on upper bound of u. The estimate (49) comes from (54) and the first
equation in (33). So Lemma 8 is proved. 
Therefore, we get the following main result in this section.
Theorem 9. For given , δ > 0 related by (53), if the initial data satisfy δ  ρ(x,0)  δ + M ,
|u(x,0)| 1 − δ, then the Cauchy problem (33), (35) has a unique smooth solution (ρ,u), and
this solution satisfies
δe−
Mt
2  ρ M2, |u| 1, (55)
where M2 is a positive constant.
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